To investigate the origin of the enhanced T c (≈ 110 K) of the trilayer cuprate superconductor Bi 2 Sr 2 Ca 2 Cu 3 O 10+δ (Bi-2223), we have performed systematic magnetoresistance (MR) measurements on this superconductor, as well as on the bilayer superconductor, Bi 2 Sr 2 CaCu 2 O 8+δ (Bi-2212). The in-plane coherence length, ξ ab , and the specific-heat jump, ∆C, have been estimated using the theory of renormalized superconductive fluctuations, and the doping dependence of these parameters has been qualitatively explained using the Fermi arc approach.
Introduction
It is desired that the superconducting transition temperature, T c , of high-T c cuprates be further increased in order to extend their field of potential applications. It is empirically known that T c increases with an increased number, n, of CuO 2 planes in a unit cell. 1) Re-cently, nuclear magnetic resonance (NMR) measurements have revealed 2) that long range antiferromagnetic order and high-T c superconductivity coexists in a single CuO 2 plane for multilayered (n ≥ 3) high-T c cuprates, thereby implying that they are intimately related. This finding has greatly motivated the study of the microscopic mechanism behind this response.
In order to examine this process in greater detail, the "Bi family", i.e., Bi 2 Sr 2 CuO 6+δ (Bi-2201: n = 1), Bi 2 Sr 2 CaCu 2 O 8+δ (Bi-2212: n = 2), and Bi 2 Sr 2 Ca 2 Cu 3 O 10+δ (Bi-2223: n = 3), is the best choice, since large and high-quality Bi-2223 single crystals grown using the traveling solvent floating zone (TSFZ) method are now available. 3) To date, several spectroscopic measurements, including angle-resolved photoemission spectroscopy (ARPES) [4] [5] [6] [7] and interlayer tunneling spectroscopy (ITS), 8) have been performed on Bi-2223 single crystals. All of these studies have reported a larger superconducting gap, ∆ S G , for Bi-2223 than those of Bi-2212
or Bi-2201. Sato et al. 4, 5) have shown that ∆ S G scales with T c among the optimally doped Bifamily compounds, pointing out that the greater pairing strength is responsible for the higher T c of Bi-2223. On the other hand, Feng et al. 7) have observed that ∆ S G and the single-particle coherent weight, z A , which is regarded as a measure of the superfluid density, ρ s (or phase stiffness), 9) both scale linearly with T c . Based on this observation, they strongly emphasized the importance of the phase stiffness in raising T c , which is consistent with the original idea of Emery and Kivelson 10) and the well known "Uemura's plot". 11, 12) Therefore, it is very important to check this scaling using different procedures, and to investigate whether or not the scaling relations among different n-values can be extended to non-optimal doping states.
In the simple BCS theory, ∆ S G is correlated with the in-plane coherence length, ξ ab , via ξ ab ∝ v F /∆ S G , where v F is the in-plane Fermi velocity. Therefore, we can regard ξ −1 ab as being a measure of ∆ S G . Conventionally, ξ ab is obtained by the direct measurement of the upper critical field, H c2 , at the lowest temperature, or by an extrapolation of H c2 near T c to absolute zero using the Werthamer-Helfand-Hohenberg (WHH) theory. 13) However, the H c2 of high-T c cuprates in many cases exceeds 100 T and, thus, we cannot determine this value directly. The resistive transition shows the broadening behavior under a magnetic field and, therefore, the WHH theory cannot be applied. In high-T c cuprates, ξ ab is extremely short (10 -30 Å) and T c is high. Furthermore, strong magnetic fields applied perpendicular to CuO 2 planes quantize the orbitals of the Cooper pairs to Landau levels, which causes a reduction in the fluctuationfreedom by two dimensions, meaning that, for extremely two-dimensional high-T c cuprates, the fluctuation-freedom effectively becomes zero-dimensional. All these facts strongly enhance the superconductive fluctuations, therefore the non-linear term (|ψ| 4 term, with ψ the order parameter) in the Ginzburg-Landau (GL) free energy cannot be ignored, even for tem-peratures other than T c . Ikeda, Ohmi, and Tsuneto (IOT) have succeeded in describing this "critical fluctuation" region, taking the non-linear term into account, and have interpreted the experimentally observed broadening behavior in the resistive transitions very well. 14) Because this theory contains ξ ab as a parameter, we can obtain the value of this term by numerically fitting the resistive transition curves under the magnetic fields. 15, 16) The superfluid density, ρ s ,
, where λ L is the in-plane London penetration depth, and λ L is correlated with the specific-heat jump, ∆C, via the GL formula λ L /ξ ab = φ 0 /(2πξ 2 ab √ 8πT c0 ∆C).
14)
Here, φ 0 is the flux quantum and T c0 is the mean-field superconducting transition temperature. Therefore, ρ s can be estimated if we know ∆C. Since the excess conductivity due to the superconductive fluctuation is reflected in the appearance of the order parameter amplitude, |ψ| 2 , due to the thermodynamic fluctuations, ∆C, which is a typical thermodynamic quantity accompanied by the superconducting transition, naturally included in the IOT theory.
Therefore, the value of ∆C is also obtained by fitting the resistive transition curves under the magnetic fields. 15, 16) In this paper, we measure the in-plane resistive transition for variously doping-controlled trilayer Bi-2223, as well as bilayer Bi-2212, under various magnetic fields, B, parallel to the c-axis, (B c). The data are analyzed using the superconducting-fluctuation-renormalized
Ginzburg-Landau (GL) theory (IOT theory). 14) Subsequent analysis enables us to estimate superconducting parameters ξ ab and ∆C. By using these parameters, 1/λ 2 L (∝ ρ s ) is estimated. Then, ξ ab and 1/λ 2 L are compared with previously reported values and the doping dependence of these parameters is determined. Finally, we show the correlations of these parameters with T c for Bi-2212 and Bi-2223, and discuss the implications of these results.
Experimental Details
High-quality single Bi-2212 17) and Bi-2223 crystals were grown using the TSFZ method.
The Bi-2212 samples used here are the same as those reported in ref. 17 , apart from one (sample B), while the Bi-2223 crystals were grown under slightly different conditions to those of earlier reports, 3, 18) details of which will be published elsewhere. The Bi-2223 crystals were then subjected to annealing in a similar manner to that given in ref. 18 , in order to variously control their doping levels. However, the precise doping levels, p, were not determined, because Bi-2223 has two crystallographically inequivalent CuO 2 planes with different p , 19) and thus an empirical relation 20) could not be applied. Instead, we simply judged the optimally doped level by monitoring the maximum T c . Further doping caused a slight reduction in T c , which is somewhat different from the findings of our earlier report. 18) This difference may be attributed to the adoption of different growth conditions. The ρ ab measurements were carried out using a DC four-terminal method, and magnetic fields, B, of up to 17.5 T were applied parallel to the c-axis with a superconducting magnet.
The numerical analysis was performed in two steps. First, the zero-field, ρ ab , data was analyzed using the formula, ρ ab = 1/(ρ In this study, ρ n is simply assumed to be ρ n = aT + b. We did not use a C factor (i.e., C = 1), 22) which is defined by the ratio of the actual ρ ab of an imperfect crystal to an ideal crystal and, thus, it phenomenologically adjusts the magnitude of the fluctuation conductivity
We optimized T c0 and ρ n to reproduce the zero-field data. Next, the inplane resistive transitions under various magnetic fields were analyzed using the expression for the excess conductivity, σ f l , derived from the IOT theory. 14) The value of the out-ofplane coherence length, ξ c , was set to 0.1 Å for all samples, because the theoretical curve is insensitive in the region of this value. 15) In the analysis, we first optimized ∆C to reproduce the resistivity data roughly. Then, we optimized ξ ab to reproduce the data well, and this process was repeated until a satisfactory fit was obtained. In this way, we systematically estimated ∆C and ξ ab for Bi-2212 and Bi-2223 with their doping levels variously controlled. and 3OPT107, respectively. We have attributed this downward deviation to the opening of the pseudogap . 17, 18, 23) A slightly higher T * ρ ab in Bi-2223 implies that the inner CuO 2 plane is less doped compared to the outer CuO 2 planes, 19) or that the pseudogap of Bi-2223 is larger than that of Bi-2212. 4) Numerical fits using the 2D AL form, σ 2D−AL , for the superconductive fluctuation were performed, dealing with T c0 and ρ n as free parameters, and very good fit results were obtained, which are shown in Fig. 1 (a) and (b). T c0 is slightly higher than the observed temperatures at zero resistivity, which may be a reflection of the extreme 2D nature of the sample . 24) One may notice that the slope of ρ n is steeper than that of ρ linear for both Bi-2212
and Bi-2223. Similar analysis has been performed on the samples whose doping levels have been varied and the results are summarized in Table I . The trend that the slope of ρ n is steeper than that of ρ linear is conspicuous for the underdoped samples. This result reconfirms the fact that ρ ab deviates from high-temperature T -linear behavior and decreases rapidly due to the opening of the pseudogap, before being affected by superconductive fluctuation effects upon
cooling.
Before conducting the data analysis of the results obtained under magnetic fields, let us briefly show the form of σ f l . In the IOT theory, ψ is expanded in terms of the Landau orbitals, φ np 0 k z , where n is the quantum number of the Landau levels, p 0 denotes the center of the orbitals, and k z is the wavenumber in the magnetic field direction. By computing the current-current correlation function between the Landau orbitals, σ f l is obtained as follows 14) 
where 
Based on a tentative estimation, the non Gaussian term, δσ f l , 14) appearing in Eq. (1) was found to be very small in the temperature region in question. Therefore, this term was neglected throughout our calculations. Here, µ nR is the renormalized "mass" term of the n-th Landau level and is approximately expressed using the renormalized "mass", µ 0R , of the lowest Landau levels such that
where, The obtained ξ ab is plotted as a function of p in Figure 3 (a). Upon doping, ξ ab first decreases in the underdoped region, reaching a minimum in the vicinity of the optimal doping value, and then increases in the overdoped region. Here, we compare the results with those for YBa 2 Cu 3 O y (YBCO) 25) estimated from magnetotransport measurements. At the optimal doping, the ξ ab of both systems are at almost the same value and the doping dependence is quite similar (i.e., ξ ab decreases with increasing doping in the underdoped region) but, in the YBCO case, anomalies around p = 0.125 are clearly observed. On the other hand, our results disagree with those generated from Nernst measurements. 26) Thus, the doping dependence of ξ ab is not definitively confirmed at present. shows data from specific heat measurement. 27) (c) Plots of 1/λ 2 L as functions of p for Bi-2212. The dashed line (solid diamonds) shows data from ac susceptibility measurement. 28) using the obtained values of ξ ab , T c0 , and ∆C, 1/λ 2 L (∝ ρ s ) is estimated via the GL formula shown in the introduction. Figure 3 (c) shows the results along with those from ac susceptibility measurements.
28) It is found that 1/λ 2 L increases with increased doping up to the optimal value and then saturates or slightly increases in the overdoped region, although the data scat-ters. The doping dependence agrees well with the ac susceptibility measurements, but the obtained values are approximately twice as large as those of ref. 28 . The difference might be attributable to the difference in the measurement method or in the sample forms (single crystals vs. aligned powders). The good fitting results produced without the use of a C factor, 22) as well as the agreement between the obtained superconducting parameter and the literature values, indicate that the obtained parameters are reasonable.
In the following, we interpret the obtained results. For the 2D free electrons, the BCS theory gives ξ ab ∝ v F /∆ S G . In hole-doped high-T c cuprates, however, the Fermi surface is anisotropic 29) and, thus, the v F value should be replaced by the averaged value over the Fermi surface. For simplicity, we assume here that the averaged v F value does not change significantly between different doping states. 30) Consequently, ξ −1 ab may be regarded as a measure of ∆ S G . In the overdoped region, ξ ab increases upon doping, which is consistent with the observation that ∆ S G decreases. 31, 32) In the underdoped region, on the other hand, ξ ab increases with underdoping which, at first glance, contradicts the general observations that ∆ S G increases. 31, 32) However, these behaviors may be reconciled as follows. In hole-doped high-T c cuprates (especially in the underdoped states), the pseudogap develops from approximately the (π/a, 0) and (0, π/a) direction, resulting in the so-called 'Fermi arc'. 33) Therefore, the d-wave superconducting gap is restricted to opening mainly on the Fermi arc and the gap amplitude reaches a maximum at the arc edge. Thus, the "effective" gap, ∆ S G (hereafter, ∆ S G means the "effective" gap value), is given by ∆ S G ∝ L a ∆ 0 , 34) where L a is the length of the Fermi arc. Since L a shrinks with decreasing doping, 35) ∆ S G may decrease, as has been pointed out by Oda et al. 34) This fact explains the increase in ξ ab with decreasing doping.
We note that the analysis performed in this study is based on the superconductive fluctu- On the other hand, 1/λ 2 L is proportional to ρ s and, thus, it is related to the electronic density-of-states (DOS) at the Fermi level. Since pseudogap development depletes the DOS, 1/λ 2 L is expected to be reduced with underdoping. This is indeed observed in our experiment and others (Fig. 3 (c) ). In this way, the doping dependences of the superconducting parameters are qualitatively explained by the Fermi arc viewpoint. compounds do not fall in one line (Fig. 5 (a) ). Moreover, in the underdoped region, the data for each compound does not extrapolate to the origin. These results imply that the "Uemura's plot" (T c ∝ ρ s ) condition is not generally satisfied. This fact has already been pointed out by Tallon et al. 39) That is, T c is not determined by ρ s only, and the related phase fluctuation model 10) may not explain the behavior of T c , even in the underdoped region. On the other hand, as can be seen in Fig. 5 (b) , the Bi-2212 data on ξ −1 ab roughly satisfies the scaling relation. However, the Bi-2223 data deviates from this simple scaling behavior and is always above that of Bi-2212. Therefore, the pairing strength represented by ξ In order to further understand this result, let us compare sample G (3UD90) and sample C (2OPT89). Sample G has much smaller 1/λ 2 L (ρ s ) (Fig. 5 (a) ) and longer ξ ab (thus, smaller ∆ S G ) (Fig. 5 (b) ) compared with those of sample C, implying sample G is at an obvious disadvantage to Sample C as regards the realization of high-T c superconductivity. However, the T c values of both samples are almost the same. This fact suggests that sample G acquires additional superconducting condensation energy compared to sample C, from some source other than the in-plane ∆ S G (or ρ s ). The mechanism of this process is an open question, however, one possible source is the interlayer tunneling mechanism. 40, 41) In this model, the kinetic energy in the normal state is increased, either due to a non-Fermi-liquid nature or opening of the pseudogap, while in the superconducting state, the kinetic energy is restored by the interlayer Josephson coupling, resulting in enhanced Cooper pairing. Thus, the increase in the number of CuO 2 planes results in an increase in the superconducting condensation energy. To verify this mechanism, more comprehensive studies using various experimental techniques are needed in the future.
Conclusions
In summary, magnetotransport measurements on Bi-2212 and Bi-2223 have been systematically performed, and superconducting parameters such as ξ ab and ∆C have been reasonably extracted from theoretical fits of the transition curves. The doping dependence of these superconducting parameters has been qualitatively explained using the Fermi arc approach. However, neither the pairing strength (represented by ξ −1 ab ) nor the phase stiffness (ρ s ) explains the behavior of T c . Instead, the n-dependence of these parameters suggests that an additional superconducting condensation energy exists, due to the increase in the number, n, of CuO 2 planes. A successful model for high-T c superconductivity should consistently account for these experimental observations, as well as the NMR results (the coexistence of the antiferromagnetic order and the high-T c superconductivity).
